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A. THE STRUCTURE OF THE MODEL

This appendix describes in detail all of the equations in the model. For a discussion of

parameter estimates and exogenous variables, please refer to Appendix B.

A.1. Definitions of Index Sets

It will often be convenient to use the following index sets to describe subscript ranges con-
cisely. First, let the set of demands for a commodity, including both intermediate and final

demand, be:

DEM ={1,...,35¢C,1,G, X, M} (A1)

Similarly, let the set of all possible inputs, including both commodities and primary factors, be

given by:

INP={1,...,35N,K, L} (A.2)

whereN represents noncompeting imports. Finally, the household model employs commodities
based on the National Income and Product Accounts, which differ somewhat from the input-
output basis used in the rest of the model. There are 35 such NIPA commodities, and to prevent
confusion over whether NIPA or IO commodities are intended, NIPA subscripts will be given as

elements of the sé&IPA below:

NIPA={1,...,35 (A.3)
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A.2. Relationship of Different Types of Prices

Before describing the model’s behavioral equations it's useful to discuss a number of prices
that appear in the it, and to specify how they are related. For expositional convenience, the prices
will be presented in the order in which they are calculated in the model. Usually this will allow
each new price to be expressed solely in terms of exogenous variables or prices that have already
been defined, and not in terms of variables not yet presented. The prices will often have sub-
scripts and superscripts; the superscripts denote the type of price, and the subscript indicates a
particular instance of that type. For examph, is the rental price of capitak, to buyeri. If

the subscript is absent, the variable represents the entire vector of prices of that type.

Starting with the prices of primary factors of production, the price of noncompeting imports
to buyeri ODEM is PN, which is the foreign cost multiplied by the exchange eaied one plus

the tariff rate:

PN =ePNF(1+N) (A.4)

The rental price of capital to buyeml, is the overall rental price of capital multiplied by an

aggregation factor:

P = PS¢ (A.5)

Although there is only one capital good in the model, the rental price differs across sectors
according to the exogenous vec&t.! These scale factors arise because the data on which the
model is based shows that different industries face different rental prices of capital. This occurs

because, in reality, industries do not all buy a single homogeneous capital good. A similar

1. Actually, there are really two capital goods because of the special treatment of the oil sector. This discussion,
however, applies to the other 34 industries.
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problem arises with the price of labor to different sectors, and another set of scaling variables is

used to transform the overall price into sector-specific figures:

P =P (A.6)

The price of labor, in turn, is related to the household’s value of time in the following way:

PHE(1- M) = PN (A7)

where r'*M

is the marginal tax rate on labor, aRd' is the household’s value of time. This
expression can be used to eliminate the price of labor to produce the following expression for the

price of labor to buyers:

H
pr=_F S (A.8)
'1-7M

As with capital, the scale factors are exogenous. Finally, the household’s value of time is the

numeraire.

The purchaser’s price of industrputput is defined in terms of the producer price of output,
PO, and the sales tax rate for that industty, The sales tax is exogenous, but the producer

prices are endogenous and will be discussed in detail below.

Pl =PO(1+1d) (A.9)
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One of the model’s innovations is to incorporate joint production of commaodities by all
industries. In terms of prices, this means that the price of a particular commodity is not necessar-
ily equal to the price of industry output in the sector for which it is the primary product. For
example, construction is produced as a secondary product by many industries, so the price of the
construction commodity is not just the price of output of the construction industry. The transfor-
mation of industry output into commodities can be regarded as a production process in which
industry outputs are the inputs, and commodity outputs are the output. In the case of construc-
tion, the construction commodity would be produced out of inputs consisting of the construction
output of all industries. For convenience, this function is modelled as Cobb-Douglas, so the com-
modity prices can be computed as the product of industry output prices, weighted by the share of

each industry in total output of the commodity:
35 c
PC =1 (P)HMi (A.10)
i

whereMjCi is the share of output of commodityrom industryj in the total value of output of
commodityi by all industries.PiC is thus the purchaser’s price of domestically produced com-
modity i. Finally, the domestic price of competitive imports of commodity just the foreign

price of good multiplied by the exchange rate and one plus the tariff on it:
PMP = ePF(1+1) (A.11)

Both P™ andr" are exogenous.
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A.3. Substitution Between Imported and Domestic Commodities

Imported and domestic goods are modelled as imperfect substitutes from the point of view
of demanders as a whole. That is, all buyers of a good purchase the same composite of imported
and domestic production. This substitution is modelled using a translog function of domestic and
import prices to determine the aggregate supply price of the commodity. In essence, this is a pro-
duction function that accepts domestic and imported goods as inputs and produces total domestic
supply of the good as an output. Under this interpretation, the derivatives of the function can be
used to determine the cost shares of total supply associated with imported and domestic goods,

and thus the share of domestic production in total supply.

For convenience, let the vector of imported and domestic prices for commbéiB|°:

OPF O
Hthpwpm (A.12)
The price of total domestic supply is then given by the translog function:
mPssz+——Ei——yDnWD+}mPDTMFDnWD (A.13)
| | l + e_l/iF(t_Ti) | 2 | I | .

This expression is implemented with time-varying parameters in order to capture secular shifts in
import demand that seem to be unrelated to price changes. These shifts are easily observed in
actual data but are beyond the scope of this model. This relationship can be used to determine the
actual prices faced by purchasers of a commodity given the domestic and imported prices. Fur-
thermore, differentiating the equation with respect to the domestic price produces the domestic

cost shareW, given by the expression below:

,B-FT
! )+ﬁfDnPPh (A.14)

Wi = (ai” + 1+ e H (-7
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The subscript 1 on the right hand side is used to indicate that the first element of the vector of
shares is the domestic share. It will be convenient later to r&¥gaasl a diagonal matrix whose

elementW; is the share of domestic production in the total value of supply of commodity

A.4. Producer Behavior

Production in each of the 35 industries is represented by a nested translog cost function with
constant returns to scale and zero pure profits. Since the industries earn zero profit and have con-
stant returns to scale, it is convenient to substitute the price of output for the unit cost and regard
the functions as price frontiers giving the price of industry output for a given vector of industry
input prices. There are a total of 38 inputs to each sector: 35 intermediate commaodities, and three
primary factors, capital, labor and noncompeting imports. Extensive nesting is required because
it is not feasible with the data currently available to estimate the unconstrained function. The tier
structure used is shown in figure A.1, and summarized in the following table. The formation of
each aggregate will be referred to as a "node" of the structure, so there are 13 nodes in all. The
top node is capital, labor, energy and materials, while the lower nodes are aggregates of energy
goods or materials. This treatment is similar to that used by Goettle and Hudson (1981), which
allowed their parameter estimates to be used for the lower nodes. (Refer to Appendix B for details

on the sources of all parameters used in the model.)

For all nodes below the KLEM level, the aggregate prices are computed using mostly
translog functions of the component prices. All together, there are 420 of these aggregates, 12
nodes by 35 industries. Unfortunately, reliable estimates for about one third of the individual
nodes could not be obtained using the translog specification, so these were constrained to be
Cobb-Douglas. (Details regarding the parameters used are discussed in Appendix B.) For expo-
sitional convenience, all nodes will be discussed in the translog form, although it should be

remembered that for some nodes of some industries, the beta matrix will be identically zero.
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Figure A.1. The Tier Structure of Production
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Table A.1: Production Tier Structure

Node Mnemonic Interpretation Components
1 @) Output K,LLE.M
2 E Energy 3,4,16,30,31
3 M Materials & Services 6,MA,MM,MN,MS
4 MA Agricultural Products 1,7,8, TA\WP
5 MM Metal Products FM,MC,EQ
6 MN Nonmetallic Products 5,15,17,19,27
7 MS Services 0S§,28,32,33,34
8 TA Textiles & Apparel 9,10,18
9 WP Wood & Paper Products 11,12,13,14
10 oS Other Services 29,35,N
11 FM Primary & Fabricated Metals  2,20,21
12 MC Machinery 22,23

13 EQ Equipment 24,25,26
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Describing the functions used to define the lower nodes of the structure is best done by
example. Consider node 9, which constructs the price aggregate for inputs of wood and paper
products. Let the aggregate for industiye denoted®'", and the vector of input prices B\ .

Since the inputs to this node are goods 11, 12, 13 ariN 4s as follows:

EP?D

pS.O
pN = %?D (A.15)

13D

P30

Then, the following equation gives price WP for industry
1
In P =+ On PN + 2 In P 0p1%F 0n P (A.16)

Although the input prices to the WP aggregate are the same across industries, the pardfeters
and 8P are not. Thus, each industry will have a different value of the price aggregate. Differen-

tiating with respect to logs of input prices yields the vector of cost shares of inputs to this node:
WP = WP 1 gWP O pIN (A.17)

whereW"? is a vector of cost shares of inputs to the WP node of industfpe other eleven

lower nodes are set up in a corresponding way.

The top node-the KLEM level-is specified differently to allow for neutral and biased tech-
nical change. Specifically, the price of output is a translog function of the prices of capital, labor,
energy, materials and an index of time. If the vector of prices entering the top node of ifidustry

production function is given by:
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PO
Up- U
pPO = EFIEB (A.18)

then the price of the industry’s output is given by the expression below:

1
INPP =al+a" OnPFO + SIn PPO' [P0 0n PPO

+al o(t) +In PP BT (o) + 5 AT (0 (A.19)

Neutral technical change occurs through the paramefeend g7T. The presence of the term
involving 87T, however, allows for biased technical change. That is, the cost shares will change
over time, even if prices are constant. When the parameters are estimated, examination of an ele-
ment of 3877 reveals whether technical change in a given industry has been factor-using or factor-
saving for that commodity. (For more discussion of this point, including references to other
work, refer to Appendix B.) A novel feature of this expression, which will be discussed in detail
below, is that time enters through the functgit). Differentiating with respect to the log of the

prices produces the vector of cost shares in the usual way:
WO =afC+ PO On PP+ a7T (1) (A.20)

In earlier work, such as Jorgenson (198#}) is reduced to simply. As discussed in
Chapter 2, that formulation is unsuitable for this model, which is to be simulated far beyond the
end of the sample period used in estimation. The presence gf thgy(t) term will sooner or
later drive some of the cost shares negativgiff linear int. To solve this problem, a logistic

function was specified fay, and additional parameters were estimated to produce an indigidual
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for each industry. In particular, the following function was used:

1

gi(t) = Tt enn (A.21)

For years much earlier than the estimatgdy will be near zero; for years long afteywill be
near one. This means that each industry undergoes a single gradual change in technology. When

g is very small, the cost function becomes:
InPP =a?+al° OnPPO+ ; In PPO" gP° On pPO (A.22)
with cost shares given by:
WO = oPO + gPO n PPO (A.23)

Far in the future, whexg is near one, technical change will disappear and the cost function will
again become invariant with respect to time. At that point, however, the constant and first order

terms will have changed:
1 1
InPP = (@’ +a +5 A1) + @+ ATy NPPO+ S PP LpfOtn PO (A24)

with cost shares given by:

WPC = (af© + gPT) + gPo On PP (A.25)
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During estimation, the parameters are not constrained to produce positive shaugzseaso
infinity, but the estimates do, in fact, have this property, so the use of a logistic functit) for

eliminates the pathological properties of the ordinary trend specification.

Once all the price aggregates and value shares have been evaluated for a particular sector, it
is possible to determine the industry’s input-output coefficients. This is accomplished by multi-
plying out the nested shares to produce shares in total output, and hence input. For example, to
find the share of input accounted for by sector 21, fabricated metal products, the share of materi-
als in output would be multiplied first by the share of metal products in materials, then by the
share of primary and fabricated metals in metal products, and finally by the share of fabricated
metals in primary and fabricated metals. The result would be the input-output coefficient for fab-
ricated metal products into the specified industry. This method was used to compute all of the
1225 input-output coefficients in the model. Because the tier structure is fairly complicated, it is
difficult to formulate this process concisely in algebra. About the best that can be said is that if
leio is a vector whose lengthis the depth in tiers of a particular input, and whose elements are
the shares along the path down the production structure, then the input-output coefficient for

inputs of good into industryj is:

10 = 1 W°), (A.26)
s=1

2. Unfortunately, it was still possible for large swings in prices to drive the cost shares negative, particularly where
the share was initially small and the corresponding elements of the beta matrix were large. When this occurred
during simulations, the offending share was set to zero and the other scaled back to sum to one.
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A.5. Household Behavior

The household model is based a time-separable intertemporal utility function of the follow-

ing form®:

00 t [ﬂ_+nSD
U= N
2Nl gy

On F, (A.27)

whereF, is a per capita aggregate of goods and leisure consumed in periscthe time prefer-

ence rateN is the initial population, and is the population growth rate in perisd (The vari-

able F; will often be referred to as "full consumption", since it includes both consumption of
goods and leisure.) The household’s decision is subject to the following budget constraint, which

requires the present value of the path of consumption to be equal to the present value of wealth:

X L +ns0
FWo = NoPEFo + 5 NoPFF, ] T SD (A.28)
t=1 s=1 I's

The first order conditions can be found by forming the Lagrangian and differentiating with
respect toF at a particular time,. Comparing the resulting expression with that for another
time, t,, produces the Euler equation shown below, which relates the optimal full consumption in

the two periods:

2 [+rs0

Fe —pF s

Ptz th - Ptl Ft]_ ;It_|+1 Dl + 0 0
1

(A.29)

Whent, =t; + 1, this expression reduces to the more familiar one shown below:

3.  This specification is similar to that used by Yun (1984).
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M+ry+40
PtFl+1Ft1+1 = PtFl Ft, 01+ +,10+ 0 (A.30)

As discussed in Appendix E, however, it will be convenient during numerical solution of the
model to use the multiperiod version of the equation. The equatiowe ate both in terms of
per capita consumption, but the equivalent versions for aggregate consumption can be derived

using the following relationship:
t
F&=FiNo [ (1+n) (A.31)
s=1

whereF is aggregate full consumption. This produces the version of the Euler equation actually

used in the model:

L (1+ng)(d+rg)
PLre=piry 1 RO

(A.32)
Ss=t+1 1 + P

This expression summarizes the consumer’s intertemporal optimization completely. Moreover, it
captures all household expectations through the value of full consunﬁﬁﬁ@. A path of F
that satisfies this relationship at every point in time can be said to be a "perfect foresight" trajec-

tory in that household expectations will be fulfilfed.

The intraperiod household model, in turn, allocates full consumption to leisure and goods,

and further divides goods expenditure among actual commodities. Full consumption is taken to

4.  Substantial numerical effort is required to compute a perfect foresight equilibrium, and how it was accomplished
is discussed in detail in Appendix E. Roughly speaking, a special algorithm guesses the path of full consumption
and computes a solution to the model conditional on it. This produces values which can be used to revise the
guess, to bring it closer to the perfect foresight path. Eventually the process converges, and household expecta-
tions are fulfilled.
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be a translog function of consumption and leisure with time-varying parameters. Specifically, the

logarithm of the price of full consumption is given by:

PR =afl + @+ Loy P+ P S tn P (A3
where
CC
cL _OP~ O
P = e (A.34)

PCC is the price of an aggregate consumption good Rt is the price of leisure. Computing
the price of leisure is straightforward: it is the value the household places on an hour of time mul-

tiplied by a scale factor arising from construction of the data (see Appendix B):

PLEIS - PH SLEIS (A35)

The construction oP® is more involved, and will be addressed in detail below.

The details of the parameter estimates are presented in Appendix B, but it is worthwhile to
mention briefly why the formulation akle waschosen. By allowing the first order terms to vary
over time, it was possible to account for the rapid entry of women into the labor force during the
1970's and 1980's. The effect can be seen clearly in the share equations derived by differentiating

the full consumption price function with respect to the input prices:

cLT
B

CcL _ . CL cL cL
w=a +W+ﬁ OnP (A.36)
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The presence of thg®'" term means that even if relative prices had been constant for all time,
the shares of consumption and leisure in full consumption would have changed%rdar in

the past tarc, + S°LT far in the future. The estimated value g-" for leisure is negative, so

the share of leisure consumed decreases over time. Because the time of women who don’t work

is counted as leisure, this corresponds well with the entry of women into the workforce.

Once these shares have been determined, the value of consumption expenditure can be

found:
CE = of' [PFCFC (A.37)
Using this it is straightforward to calculate the quantity of leisure consumed:

PFC [FC -CE

To compute the price of the aggregate consumption good, it is necessary to solve the house-
hold’s expenditure allocation problem. The formulation used here is based on the exact aggre-
gation approach of Jorgenson, Lau and Stoker (1980,1982), and Jorgenson and Slesnick (1987).
There are 672 different consumer groups each buying five aggregate goods: energy, food, con-
sumer goods, capital services, and consumer services. Each consumer group has a translog indi-

rect utility function which depends on a vector of attribuag®f the consumer and has the form:

P P P
— g in— +In—'gHAA, (A.39)

P 1
Vik=FA)+In—"a™ + =1In
«=F(A+ingrra + 5 In g Me My

whereP is a vector of prices anill, is the total expenditure of consumer grdupSpecifically,

P is the following:
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— OpceO
P SDKSD (A.40)

The attributes vector, is derived from the classification of consumers into groups, and has six-

teen elements. Its construction is discussed in Appendix B.

The expenditure shares can be derived by using Roy'’s Identity in logarithmic form:

dInVy
v = aln(P,le)
k= "n aank
J:laln(PJ/Mk)

(A.41)

where wy is the share of grouf’s expenditure devoted to commodity Applying this to the

indirect utility function produces consumer grddp expenditure shares:

_ 1 Oy HH HAU
Wy = 5(F) a8 On(P/M,) + B o (A.42)
where
D(P) = % (@™ + M In(PIM,) + g7A 0AY) (A.43)

i=1

Imposing the restrictions implied by exact aggregation and integrability (Jorgenson, Lau and

Stoker, 1982) requires the following hold:
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i O =0 (A.44)
g =0 (A.45)
t=-1 (A.46)

wherer is a vector of ones, and’ has been normalized td. for convenience. These imply that

the denominator of the expenditure share equation may be rewritten:

D(P)=-1+/p" OnP (A.47)

Aggregate expenditure shares can be obtained by adding up the weighted sum of expenditure

shares over consumer groups, using the groups’ expenditures as weights:

O

1
%= 5 E?H + B In(PIMY) + A DA X (A.48)
whereM * and A* are defined as follows:
n
z My In M
InMm*=XL_ (A.49)
2 My
k=1
n
2 MicAy
INER= (A.50)
My
k=1

5. See Jorgenson, Lau and Stoker (1982) for details.
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These variables depend on the details of the distribution of expenditure. For tractability during
simulation, the shares of consumer groups in total expenditure are assumed to be constant. In

particular, the expenditure of grolps:

Mk=Ak[IVI (A51)

This amounts to assuming that all groups own assets in the same proportions, but in varying total

amounts. This assumption allows the two expressioogeato be revritten as follows:

n
Z /\kln/\k
INM*=InM + <L =InM +AM (A.52)
Aj
=
n
2 MAx
Ax=KL - )A (A.53)
2 A

Appendix B describes the source of datai@n Since it was exogenousM™ and A* could be
computed directly.A” has a useful interpretation: each element of it is the share of total expendi-
ture accounted for by individuals possessing that attribute. In contfast a statistic of the

income distribution.

Parameter estimates for the aggregate share equations were obtained from Jorgenson and
Slesnick (1987). These, however, were estimated using National Income and Product Accounts
commodity definitions. Unfortunately, these are not the same as the input-output basis commodi-
ties used elsewhere in the model. Converting from one basis to the other was accomplished using

a bridge table taken from the 1977 benchmark input-output study. The table shows for each NIPA



-135 -

commodity the values of the IO commodities which compose it. Under the assumption that NIPA
commodities are Cobb-Douglas composites of IO commodities, it is straightforward to compute
the prices of NIPA goods given this table and the supply prices of 10 gooli¢.i¢f an array
whose elementN; is the share of the value of NIPA commodjtgontributed by 10 commaodity

i, then the price of consumption commodijtis given by the following:

pg\“PA = _DE!]P (PS)MNi (A.54)
|

Since the basic NIPA commodity prices don't enter the top level expenditure share equa-
tions directly, it was necessary to estimate a nested tier structure relating the top level price aggre-
gates to actual commodities. The tier structure actually used is displayed in figure A.2, and sum-
marized in the following table. The structure was designed to provide maximum flexibility
between inputs while keeping the number of goods in each node to five or fewer. This produced
the relatively flat structure shown in the figure. The elements of the nodes were chosen to place
close substitutes together. In a sense, the tier structure was designed to maximize the second
order coefficients in the expenditure share equations of each node. That is, to put together com-

modities for which there were strong substitution or complementarity effects.

For nodes below the top level, the consumer group differences were ignored, allowing a
simpler price aggregation function to be used. These functions can be illustrated most clearly by
an example. Consider the formation of the energy price aggré¥fate,Let the vector of com-

ponent prices be:

OPFC O
[pNIPAL]

PIENN = BD?\IIPAD (A.55)
18 []
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Figure A.2: The Tier Structure of Consumption
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Table A.2: Consumption Tier Structure

Node Mnemonic Interpretation Components
1 cC Total Consumption EN,F,CB{,CS
2 EN Energy FC,6,18,19
3 F Food 1,2,3,9
4 CG Consumer Goods CL,HA,12,MS
5 CS Consumer Services H,HO,TR,MD,N\
6 FC Fuel & Coal 7,8
7 CL Clothing & Shoes 45
8 HA Household Articles 10,11
9 MS Miscellaneous Goods 13,14,15,16
10 H Housing 17,34
11 HO Household Operation 20,21,22,23
12 TR Transportation 24,25
13 MD Medical 26,27
14 Ml Miscellaneous Services 28,BU,RC,32
15 BU Business Services 29,30
16 RC Recreation 31,33




-138 -

Then, the price of the energy aggregate is given by:
1
InPEY = o= On PR + 2 In PR 05" On PR (A.56)

wherea®N and gEN are parameters estimated as described in Appendix B. Unlike the top node,
the parameters are normalized so t3 sums to 1. Differentiating with respect to component

prices produces the expenditure shares of the input commodities:
wEN = o + gEN On PR (A.57)

Once the shares at each node have been calculated, the final expenditures shares for each com-
modity can be computed by multiplying out the shares between the commaodity and the top node
in a manner similar to that used for the production model. For example, the share of expenditure
devoted to coal is the product of the share spent on energy, the share of energy going to coal and

oil, and the share of coal in coal and oil.

After the expenditure shares are known, the value of each NIPA commodity consumed can

be determined using the total value of spending:
CONNPA =, [CE (A.58)

wherewC is the share of NIPA commodityin total consumption. Then, the consumption of 10
commodities can be found by using the bridge table discussed earlier. II$jnisethe share of
IO commodityi in the value of NIPA commodity, the total consumption of IO commoditys

given by the following:
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CON = Y IN; CCONMPA (A.59)
j ONIPA

This produces the final demand column for consumption.

Finally, it is necessary to specify how the price of aggregate consumption can be computed,
since it is not implied by the model of household behavior described so far. The function used
was a modified version of the translog social cost of living index developed by Jorgenson and
Slesnick (1983). Specifically, the aggregate price of consumption of goods ih gdative to

the price in 1982 is given by:

u O

M 1
cC _ O t - '(gH + = gHH
In Py (1+D(Py)) On 5 NF¥ o mo(Pe, Ag) D InP(a™ + > B OnPy) (A.60)
Ok O

where

D(P,) =-1+/g"" OnP, (A.61)

NtHH is the total number of households in yéaand w, is the fraction of total households

accounted for by consumer grokip

A.6. Investment

Investment goods are produced out of commodities according to a special production func-
tion. As with production and consumption, a nested tier structure is used, as shown in figure A.3.
At the top, total investment is formed by combining inventories and fixed investment. Fixed

investment itself is determined by a nested tier structure of translog cost functions, as summarized
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Figure A.3: The Tier Structure of Fixed Investment
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Table A.3: Investment Tier Structure

Nts

Node Mnemonic Interpretation Compone
1 Fl Total Fixed Investment  LL,SL
2 LL Long-Lived 6,33
3 SL Short-Lived TE,MC,SV
4 TE Transportation 24,25
5 MC Machinery 22,23,0M
6 SV Services 32,08
7 OM Other Machinery G,W,NM,O
8 OS Other Services 34,MS
9 G Gadgets 20,21,26
10 W Wood 11,12
11 NM Nonmetal 15,17,19,27
12 @] Other TX, 14 MT
13 MS Movers 28,29
14 TX Textiles 9,10,18,36
15 MT Mining 2,4

4
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in the table below. Several commodities are missing from the table as they are not used for
investment goods: 1, 3, 5, 7, 8, 13, 16, 30, 31, 35. As with the consumption tiers, goods were
grouped together on the basis of substitutability. A more complete discussion of this can be

found in Ho (1988Db).

As in the cases of production and consumption, it is easiest to describe the tier structure by
example. Consider node number 5, which forms the machinery aggregate out of machinery, elec-
trical machinery and other machinery. If the vector of prices of the components of the node is

pN.

pN =ps, U (A.62)

then the output price will be given by the following:
1
PMC = gMC InpN + SIn PN gMC On pIN (A.63)

wherea™® and gM€ are parameters estimated as described in Appendix B. The share of com-
modities in the composition of the aggregate are obtained by differentiating the price function to

produce:
wM® = gMC + pMC On pN (A.64)

As with the other nested tier structures, the overall shares of commodities in the total are obtained
by multiplying out the shares at different tiers. This will produce a vector of commodity shares

which can be called™ .
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Finally, notice that unlike the consumption and production models, the top node of the
investment model is specified exactly like the lower nodes. This means that the price of the fixed

investment aggregate is just the following:
= N, L I/}l IN
P'"=a""InP +§InP B OnP (A.65)

whereP'N is a two element vector consisting of the prices of long and short-lived assets. This
price differs from the price of new capital goods by an aggregation constant (see Appendix B).

The actual price of new capital goods is
pK = sPK P! (A.66)

whereSPX is a constant arising from the method used to construct the model’s basic data.
Total investment is divided into fixed and inventory investment using an exogenous share

determined from the data. That is, the value of fixed investment is the amount of total investment

not being devoted to inventories:
INVF = INV {1 - »™VEN) (A.67)
This implies that the value of inventory investment is just:
INV' = INV C2NVEN (A.68)

Total inventory investment is divided among commodities according to an exogenous vector of

sharesw'' . Combining this with the shares of commodities in fixed investment produces the total
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value of commodities demanded for investment. For commauditys would be the following:
INV; = INVF Cf! + INV! ! (A.69)

Once this vector has been computed, the final demand column for investment has been com-

pletely determined.

A.7. Government

Because it would be difficult to determine the appropriate objective function, government
behavior is not derived from optimization. Instead, the government follows a simple rule: it col-
lects taxes, runs an exogenous deficit or surplus, and spends its resulting income on goods and
services in a pattern determined exogenously. Furthermore, no distinction is made between the
federal, state and local levels. Proceeding through the revenue side first, the total revenue from

sales taxes is:

35
RS=3 IND;r] (A.70)
i=1

The revenue from tariffs on competing imports is:

RT =3 IMP o (A.71)

Tax revenue from property taxes is given by:
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RP = rPvK (A.72)

Tax revenue from wealth taxes is:

RY = WFW (A.73)

Because of data constraints (discussed in Appendix B), a single aggregate tax is levied on
capital income. The rate is an amalgamation of the corporate and personal income tax rates
weighted by the fraction of capital owned by the corporate and noncorporate sectors. Moreover, a
proportional tax is used, so there is no distinction between marginal and average rates. This for-
mulation was necessary because the model has only one capital stock, so an aggregate tax rate

was required. Thus, the revenue from capital taxes is:

RC = rCKI (A.74)

For labor, however, marginal and average rates are distinguished. Tax revenue depends on the
average rate;"*, while labor supply (discussed elsewhere) is a function of the marginaltate

This means that labor tax revenue is just:

R- = 7MALI (A.75)

Finally, total tax revenue is just the sum of the components discussed above, plus a lump sum tax

RS and an exogenous amount of nontax revenR&SS:

6. The lump sum tax was included to enable government revenue to be fixed in certain simulations. Ordinarily, it
was zero.
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R=RS+R"+RPF+RV + R + R + R:S + RNT (A.76)

Once tax revenue is known, a number of additional adjustments produces the value of
spending on goods and services. First, tax collections are supplemented by the capital income
earned by government enterprises (sector 35), given by the vafidbleFrom this total, the cur-
rent budget surplus (given exogenously) is deducted. Next, the interest paid to domestic and for-
eign holders of government bonds is subtracted. These variabl#éTate and INTC®F, respec-

tively. Then, domestic and foreign transfer paymeR&® and TR, are deducted.

Finally, the government pays interest on boridéT€S) held by Social Security and other
social insurance funds. Social security can be regarded as being owned directly by the private
sector, so interest payments to it can be passed on to households. Since the government does
receive some income for administering the funds on behalf of the private séttistife net
interest payment to households is difference of the$E>S— RSS  All of the transactions just

discussed are summarized in the equation below:

GE = R+KI® - GS-(INT®P + INTC®F) - (TR®P + TR®F) - (INTSS-R%S)  (A.77)

whereGE is government expenditure on goods and services. This is allocated to individual com-

modities using an exogenous vector of shavSS;

GOV, = GE [w°E (A.78)

As described in Appendix B, the shares are determined from historical data. This completely

determines the government final demand column.
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A.8. Exports

For each commodity, the quantity of exports was determined from a demand equation of the

form below:

Oe O

EXP _ [P|C f

Qi (A.79)

where the elasticity is negative, and varies across commodities. Thus, exports are a function of
the relative price of domestic goods to foreigners. Travel by foreigners in the United States is
treated in a special way: the quantity of traT@®AV is exogenous, but its allocation to commodi-

ties is endogenous. Specifical§RAVis multiplied by the price of aggregate consumptf;,

and this value is divided among commodities in proportion to the split of total domestic consump-
tion into specific goods (excluding primary factors). That is, the value of commgalitghased

by foreigners travelling the United States is:

co
TRAVEL = P DTRAV357N

> CON,
j=1

(A.80)

Adding this to the value of ordinary exports produces the total value of each commodity exported:

EXP, = QF*P [PC + TRAVEL (A.81)

This fully determines the exports column of final demand.

7. Thisis similar to the treatment used in the ORANI model by Dixon, Parmenter, Sutton and Vincent (1982).
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A.9. Industry and commaodity output

Once the final demand vectors for consumption, investment, government spending, and
exports and the share of commodities produced domestically are known, it is possible to compute
industry output. To see this, IED be a vector of final demands gross of imports, so element

given by:

FD; = CON + INV, + GOV, + EXP, (A.82)

If 10 is a matrix of input-output coefficients (column shares of the interindustry use thlida}
a vector of industry outputs before sales t8xasdCOM is a vector of commodity outputs, then

the following expression must hold:

IO OOND + FD - IMP = COM (A.83)

This says that intermediate plus final demands for commodities equal their total output. Gross

industry output can be computed from net output as shown:

IND® = (I +r5) OIND (A.84)

The make table gives the industry outputs (rows) composing each commaodity (column). Dividing
each row by its total produces a matrix of shares giving the fraction of industry output devoted to
each commodity. MR is the matrix of row shares, then the following relationship must hold

between industry and commaodity output:

8.  The industry outputs could be defined to be post-tax, but then the columns of the input-output table would have to
be determined accordingly, which would mean that they would add up to one minus the sales tax rate, instead of
one.
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IND®'MR = cowm' (A.85)

For convenience, define vect@OM'S to be the total domestic supply of each commodity,

including both domestic production and imports:

COM™ = COM + IMP (A.86)

If W is a diagonal matrix whose eleméfd} is the share of domestic production in the total sup-

ply of commodityi, then the value of imports must satisfy:

IMP = (I - W) [COM™S (A.87)

Substituting ouEOM'® and rearranging produces the following expression:

IMP =W [{I -W) [COM (A.88)

Substituting this into the equation for total demand for commodities and collecting terms gives

the following:

IO OND + FD = (1 +W 1 [{I -W)) LCOM (A.89)

Next, observe that sind# is a diagonal matrix, the equation below must hold:

L+wil -w)=wt (A.90)



-150 -

Finally, applying this and the expressions for commodity output in terms of industry output and

gross industry output in terms of net output produces the equation below:
WMR(1 +75 - 10)OND = FD (A.91)

OnceFD, W, and IO are known, computing industry output is simply a matter of solving this
system of equationsAfter IND has been found, the gross output of domestic commodities can

be determined as shown:

COM = IND [{I +75) MR (A.92)

A.10. Imports

After gross commodity output is obtained, calculating the value of competitive imports is

straightforward. For commodity imports are just

IMP; = COM

L- YV“ (A.93)

Noncompeting imports (NCI) are determined differently. The input-output coefficients in the
noncompeting imports row give the share of NCI in the value of industry output. When output is

known, the quantity of NCI used by each industry is given by the following:

N = IND; OOy

i 5 (A.94)

in

9. Inpractice, this is done using an algorithm related to gaussian elimination.
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where I0; is the input-output coefficient for industryin the NCI row (N). Noncompeting
imports are also purchased by several final demand sectors. The quantity consumed can be found

by dividing the total amount spent on NCI by the price of NCI to that sector. For consumption,

this means that

CON
Ne = = (A.95)
PC
For investment, the quantity of NCI used is
INV
NI = NN (A96)
I:)I
Finally, the amount of NCI purchased by the government is
GOV,
NG = (A.97)
e

A.11. Factor Markets

In addition to equations describing the behavior of agents, the model also has a set of
expressions which define equilibrium in the factor mark®or capital, the quantity demanded

by each industry can be determined from industry output and the appropriate input-output coeffi-

cients:

10. There are no explicit equations describing equilibrium in the output markets because the way prices and industry

output were determined means they would be satisfied automatically. Technically, these equations have already
been used elsewhere in the model.
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The quantity of capital services demanded by households is simply the amount they spend on it

divided by the price:

CONg
KC = PK
C

(A.99)

No other final demand sectors purchase capital services. Total capital demanded is the weighted
sum of the capital services demanded by industries and households. The weights differ from 1
because of the method used to construct the original data (refer to Appendix B). Thus, the total

capital demanded is:

KP= S K, = (A.100)
iODEM

Finally, this must equal the total available capital stock. Unfortunately, another aggregation con-

stant enters this equation, so capital market equilibrium requires

S [KS=KP (A.101)

The labor market is very similar to that for capital. The quantity demanded by indisstry

determined by its output and the relevant input-output coefficient:

(A.102)
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Households and the government also demand labor:

CON
Le= "0t L (A.103)
C
GOV,
Le = ot L (A.104)
G

Total labor demanded is the sum of these components, again with aggregation weights appearing:

LP= 5 L (A.105)
iOJDEM

The labor market is in equilibrium when the quantity of labor supplied by households satisfies the
following expression:

PHH = LI 1-7"M) + PYESOLEIS (A.106)

wherer™ is the marginal tax rate on labor incorikjs the total number of hours available to be

allocated between labor and leisucé,is labor income, an®" is the value households place on

an hour of time.

A.12. Income, Wealth and Savings

At this point household income can be computed. Gross labor income is the sum of the

payments received from all sectors that demand labor:

Ll= S Pt (A.107)
iODEM
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Similarly, gross capital income is just

KI= 3 K;PK (A.108)
iJJDEM

Using the value of new capital goods determined in the investment model, it is possible to deter-

mine the value of the capital stock:
vK = pKKS (A.109)
Once this is known, solving for depreciation is straightforward:
D=5 IVK (A.110)

whered is the depreciation rate. Capital gains is the growth of the value of the capital stock less

depreciation:
bk O
CG= ? - opvK (A.111)
0

The capital income paid out by firms after taxes is divide@d¥,, and is just gross capital

income less the capital income tax, less property taxes on the value of the capital stock:
DIV = KI (1 -rK) - vK¢P (A.112)

Part of this, the fraction earned by government enterprises, accrues to the government, and is
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known asKl ©:
KIC = KgsPKs(1 - 15) (A.113)

Using the arbitrage equation below relating the return on debt to that on equity, it is possible

to determine the interest rate:
r vk =DIV +CG (A.114)

This requires the nominal interest rate on debt to be equal to the dividends and capital gains
earned on equity divided by the value of the equity. Rewriting the expression and substituting in

the value of several variables produces the following equation, which determines the interest rate:

_DIV+CG _KI(1-7) PK P
r = VK = VK +ﬁ_5_1' (A115)

From the point of view of households, government and foreign debt pays the interest rate in every

period, so interest income is

INT =r (DEBTC + DEBTR) (A.116)

where DEBT® and DEBTR are government and foreign debt held by domestic households. As
discussed in Appendix B, during the sample period actual interest payments differed somewhat
from the values implied by this formula. To inopethe model’s behavior, the actual government

and foreign interest payments were exogenized, and two adjustment variables were computed to

balance what households receive with interest actually paid. For the government, this adjustment



- 156 -

waslA®, and could be computed using the expression below:

IAC = INT®P - r [DEBT® + (INTSS- RS9 (A.117)

For foreign debt, the adjustment was just:

IAR = INTRP - [DEBTR (A.118)

These two adjustments were then added to household income.

Since both types of bonds pay the nominal rate of interest in every period, the market value
of the debt is just its face value. This means that the total financial wealth of households is just

the sum of the value of debt and the value of capital:

FW = VK + DEBT® + DEBTR (A.119)

whereFW is total financial wealth. Post-tax household income is just post-tax labor income plus
dividends net of government capital income plus interest less wealth taxes plus transfers from the

government, the lump sum tax and the two interest adjustments describe above:

Y=L (1-7r"")+ DIV -KI® +INT (A.120)

- FWrW + IAC + IAR + TRPD + RIS (A.121)

Savings is income less consumption expenditure less personal transfers to foreigners less nontax

payments:
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S=Y-CE-TRF-RNT (A.122)

Finally, balance in the financial market requires that private plus government savings equal invest-

ment plus the current account surplus:
S+GS=CA+INV (A.123)

This expression can be regarded as determining the value of investment, since the government
surplus is exogenous, and the current account balance is determined by a number of factors, as

discussed in the section below.

A.13. Foreign Sector Accounts

To compute the current account surplus, the first step is to add up the foreign value (before

tariffs) of all imports. For noncompeting imports, this is given by the expression below:

vNe = 5 NeI' (PNF (A.124)
i ODEM

wherePF is the foreign priceR) of noncompeting importsN) of commodityi. For ordinary

imports, the total foreign value is

vIMP _ % IMP;

(A.125)

SinceIMP is the price of imports to domestic buyers, it includes the tariff. Thus, to obtain the

foreign value it is necessary to divide by one plus the tariff rate. The foreign value of exports is
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easier to compute. Since there are no export subsidies in the model, the foreign value of exports

is exactly equal to their domestic value:

35
VEP =5 EXP, (A.126)
i=1

The current account surplus is the value of exports less the value of imports plus interest received
on domestic holdings of foreign bonds less private and government transfers abroad, less interest

on government bonds paid to foreigners. In algebra, the current account surplus is the following:
CA=VEFP _yMP _yNCl INTRP — (TRPF + TROF) - INTCF (A.127)

whereINTRP is the interest received on foreign defR™™ andTR®" are private and government

transfers, andNT®F are government interest payments abroad.

This completes the specification of the intraperiod model. Given values of the capital stock,
number of hours and other state and costate variables in a particular year, the equateonarab
be solved for that year’s equilibrium prices and quantities. The next section describes the accu-

mulation conditions that form the fundamental relationship between one period and its successor.

A.14. Intertemporal Equations

Several state variables in the model accumulate endogenously. The most obvious is the cap-
ital stock, which is supplemented by net investment every year. The differential equation below

determines the change in the capital stock from one year to the next:

Capital accumulation:



KS=8 O—— -6 [KS (A.128)

The termS' is an aggregation constant (see Appendix B). The stock of government debt held
domestically is subject to a similar condition. Its growth is mostly determined by the government
surplus, but several small adjustments also contribute. Specifically, the change in government
debt is government foreign investmeBIQV™ less the government surplus plus two discrepan-
cies appearing in the sample period data: the government debt discrépaa@SP and capital

gains on government del@GCP:
DEBT® = GOV - GS+ DISC®P + CG®P (A.129)

The evolution of government debt held by foreigners is somewhat simpler, depending only on

government foreign investment and capital gains on government debt held by foréigfigfs

O

DEBTSF = — %SOVF' +0GePF

(A.130)

Finally, the accumulation of foreign assets by the domestic sector depends on the current account

surplus less government foreign investment plus debt and capital gain discrepancies:
DEBTR = CA- GOV + DISCRP + cGRP (A.131)

whereDISCRP is the foreign debt discrepancy, ab6&RP is capital gains on foreign debt.
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A.15. Other Equations

Several additional equations were included in the model for convenience. All were essen-
tially definitional, simply computing certain conventional aggregates. The first of these was

labor-deflated gross national produ@tiP":

GNPY = CE+INV + GE +VEX® + INTRP + RT —v/MP _yNCl _ |NTCF (A 132)

From this, real GNP could be computed by dividing by the price of consumption goods:

GNPN
pCC

GNPR = (A.133)
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